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THE  EFFECT  OF  YAW  UPON  aTRCRAFT  flllWFT^E  TRAJKCTAPTFg 

Abstract 

of  t>ifMotion  Oallo?.  Loci  and  Rlcttnond 

the  coi-Duti  1,0  o"  projectile,  epuations  are  derived  for 

fl^ed  frob'lvLt  Influenced  by  yav,  of  bulled 

bullets  wnose  prece  s4onal'e,-"®?P4TB°“  ble  to 

snri  f’mi-  +-0-,  oTT  hi  oi  a±  nutat,i.onal  nafliping  rates  ai^e  '='cual 

are  described  for  the  corlputatro^  of  rScJtJt '^fSnrtables!^^^ 

lnfliSSMh4oMlon4r“rce^ter"S“dast?“1incl  thelLtl'af" 

conditions  ol  projection  of  bullets  fired  fro;Ti  a  novin- 

it^i  produce  ^notion  about  the  centpr  of  ini  's 

sS;  to  fortulae^usem 

el1lA^g1nr!4"?SoSgr4f4“j”‘|  jlSr  ‘‘’■'ouglan  AoneA- 
ilJSMid^rdaft^mifp/lcaSoftfJle^ 


<ina  naving  tiielr  origin  at  the  .^nuzzle  of  th-  aun  thP  x  -  •  A- • 

of  the  M'r-pr're  >i..  1  T  P  Pointing  in  the  direction  of  fllcht 
horisontaufto  Aartlru.  A''rinraSktrlAt‘;notoo?BoriheH‘l- 

uir.yction  cosines  of  tn^  b.-vrf  .-pp  pp.  ■-/  a-iti  tne 

Let  2-,  c.  be  a  set  cf'axes  ,-“llel  to  thelb4(  11  =4  ^  cos  A. 
an  the  air,  end  such  that  the  origins  coittlSfatlS  Still 


hasirictfd 


lijL.vi  1  ,‘. I  vX^ 


Th6  inlt/ini  cu'^iijoii^nub  oi  V6locit.y  ox  bullet^  lo.  tn© 


*  L  X  .i  X  i  ^  •  X  C  i  w  ^  X  X  Ju  V/  -L.  tA  JL,  w  •  t  -r  i  **  W-  (S.^  -  —  -  —  ^  ^  ^ 

prlif.ed  ;'yste'.n.,  ;ii'e  thus  v  cos  v^  sin  Z  sin  and  _v^  Sii-  Z 


cos  A  +  v>  >^*Acre  v  Is  the  muszie  velocity  aiul  w  Is  the  true,  air 


speed  of  the  aircraft.  It  follovs  that  the  init^ial  true  air  speed 
of  the  bullet  is  5, i  ^^en  oy .  . 


u^'  =  +  2vv  sin  Z  cos  A  + 

00  o 


(1) 


?n'^  i  f  a^^ter  a  t  i.ree  of  flight  J,  the  Since!  .coordinates  of  th-e 

bnilet  In  the  primed  systcr^  of  axes  are  P,  Q,  then  the  cocn*ainate-s 
of  the  bnlLot  in  the  system.  :v,y,  z  moving  .  with  tiie'-'dircrai t,  .are 


-vt., 


(?V  /u  )  cos  A  -  y  J, 

^00  U  U  .  ./ 

•■■^  '  t"-.i 

Here  -  is  the 'Gi'fhrr.ce,  rficesured  along  the  lino  oil  departure^  in ';the  . 
ri'i  Ciii-d  system  of  n.'-Cs^  from  tn.c  or.i.gin  to  h  pioint  directly  n ho v4' 
thX  bullet;  the  ”aroy''  Q  is  the  distance  from  the. v point  to  .the  _ 

!,■;  r’l  le  t .  •  .  .  ,  ' . ,  ^  ‘  1 


»  i?  . 


Let  1.  ,  Ti  ,t,  00  orlhogorsal  axes  moving  v/ith  the  airefafij  ,  ■■■«’,  - 

along  the”  bore  axis,  p  in  a  vertical  plane  through  the  bore  axis  .y 
a'''d  d'i  r^''Ct.ed  away  from  the  grou'nd,  and  C  hprixont.al  and  pointing  y^:_yy 
to  tue  right  of  tne  core  axis.  The  relatioh:  Detveen  the  x, y, z  . ; 
ana  ^  ,  7]  ,  C  axes  if  given  by  tne  scher/ier  ,  ; 


5 


X  ■ 

cos  Z 
in 
0 


y 


sin  Z  sin  A 


sin  Z 


-CO: 


sin  A 


CO; 


sin  Z  cos  A 
-cos  Z  .cos '■A 
-slh  A  ' 


and 


nis 


a 

M 


f  -1 


I  =  -  t  sin  Z  cos  A  -  Q  cos  Z  + 


n 

^  = 


T  cos  Z  cos  A  -  Q  sin  Z, 

*is  ^ 

T  .sin  A  .  :  , 


where 


t  =  v(t  -,^  ) . 


0 


The  nuTietical  procedui'6  in  co.mputing  an  unuisturoed  trajectory, 
hs  merely  to  compute  t.,  and  for  say  given  -  Then  t,  is  cdinputed-, 
anu  the  equations  (2)  give  h,  and  _  The  slant  range,  is  ■  - 

,  s  •  f  ■  T  V-. , .  M  r  'b 
'  J  -  'y-.  i-.  •••-/• 


i)"  - 


/  -  N 


p  ri' 

■i  r  1 


'It: 


'■.i  wi.ricctio  1  ,  an.:  r  u.  v  .  rtlcil  efxectior.,u  , 
:■,  are  ■-.otalnc-.  rrc,'.  t.i-c :  r  ocih  itio^.s  thus 


sin  X  =  s  /d 
sinu  =  p/D. 


H^PTHICTID 


(4) 


R&SxRlCTrr) 

Tne  quantity  X  is  fj^fino-"  j..  .  '  . 

pid  tnc*  vertlc-il  ulano  '1;'^'  between  the  line  £un-bullet 

;ir.e  is  to  the  right  of  thf^bne-''  w  '  ?=’“itive\her.  tif 

toe  angle  betveen  tne  seme  line  atd“L' 1 1'?,’  ''  liefined  as 
vll  f"”  o^h.-'erdicular  to  the  ver'ttc"™  i  ."1“  t'lrougn  the 

xurnish  values  of  X  ,  ^  ,■  and  1'  as  .4oSlns  I?  |f 

It  .ifill  be  noticerf  t'l-it  -t- 

i.*  ^Tiost  raoio  ’  4  xo-r  a  ..no’in 

-lacci  functions  b'  t  j"  use,  the  tabiuatpd 

■  ^  pscudo-veloeity  u  -  ^  ^uus: 

+  (c/c)p 


S:  i>^ 


v-^iioro  I'ae  tSub^c'r^  ni' ^  n  ^  i 

u,  and^then  (6)  %•  Ipuetion  (.} 

.n  u.hese  eeuat-io>,is  c  Is  ..the  4?^'  T-  vel 

relative:  air  f  1 1  ici0>  ; 

pouiios  Dev'  cubic  f  oni  ^  ^  to  a  stcuicbtra  o'*'" 

l^en  regsrcea  ,s.s  iuh  ioUSlsl”.,  "  “'■I'-'*;  tahlcl-j  „ 

oi  p  along  a  tr-ijeotory,  sno' tohsehl.,  1  hllh.  !''-t ''•^'•i=‘'- i-'-t 


^  =  (g/p)(T  -  T  ) 

C’  =  (c^/<P^)(A  -  A  } 


^  6 

^  > 

(5) 

(6) 


(c/?p)l^ 


(7)  A 


*  ^r  , 


tee  V dx  ue  t  ii a. 


exists  dR 


Ri  ' 


^  ^ be  M ot  i  f .  r)f  p,  ■  i  -  f 

dlscRI^ori  Rrrecilon  7  4~7r^bjl,4^^  Tne  g,  r.  r 

-na  in  order  to  cbnfor,T,  to  tho  of  he.:;' 

dr;  ix]  -  or*  P  •f'-'^v*  v*,  ^  US*-]  so/riC  Oj^  t^’w::  ec  V/r 

•>-icrh4>  ^  MQV;»  r-dnnt  1  r-i  r‘.e  ^ 

.-.nt  .i.:Xy.^rj  s^yie is  xovinr  vri^'h  tbc  -'nrr  -'OiiSiaer  a  set  of 

tnat  tue  aAl-^  oi  ^^-^ngeut  to  ths  tr^  1'-r- 


;'>T^ 


•>  ^ 


SO  that  t,he  a.:*: Is  01  ■' o.  f-u,.  4.„  t 

■n  the  direction  of  dtahl AStihod,''’;-,  ttaisotorilh™- 

IL-:  cl  olio  in?"  h  lA  h*ht,  lanichhAr  '?'''!::  :-i"  '■,  -■"■a? 

abo'.'t  t-ic  o-^is  .:\^  J,  m'^,  n  -  •,  , 

-O  -0  ,^Iirr., muss  consists  Cl)  ’  ^■''  -ution 

■'O  -uriit".  1  p'nc-.-fon.  ni ^ .,  -  vu;  li  c:  St-co;..?.r-  ..■.  rt  jh'lotep 


u  "urift'h  ^  cnoT’c,  u.i  „  .  .  •-■  \-^y 

ylltrat.orv  iotfll“Ae  hSb?h.l  firl,,.  aao..,,,,  , 

A:t->e  ueen  trajeb;  r^  did? -'  h.,h“f At-U 

velocity  vector  of  t  »c  7,7)1,:  '  I’t cooines  of  the  ‘  ' 

—  “Tr  — «  ■■■■  '^  -f  .  ij  t J  S  ''yf  '7  /'i  ^ 

1  *1  _  ^  ^  ^  *  OixO  rnay  set 


-  y 


n  ^  = 


=  ii. 


iVnr  i—v.-i*’  "  *  Olio  mav  '^^'  f 

7'“^"  J'"’-’.  one  M:;  ieh  nearly 

(B) 


-i  •  b  cos  cp 
-  '  <>  s  in  9 


trIjh.t;,rroAf);h:n7)tAfAbr'toAii7b^^^^^  actml 

HESTRIC’.^:  n 


-3- 


RES'r.’:lCTr^D 


where,  b  is  the  angle  of  ,  end.  (p  is  the  angle  of  orientation 
of  the  .ya.w.  The,  ajfjgies  S  and  tp  are  rei erred  to  the  iiistanianeous 
direction  of  motion  of  tne  center  of  rass,  and  are  e peropri.ate 
to  yaw-card "hieas'are’nents .  The  angles  b’  and  ;p'  fieaEurcd.  hy  spark 
photography,  on  tne  other  hand,  arc  referred  to  the  ^nean  trajectory 
and  .those  angles  are  related  t  t  the  and  n  in  the  sare  way  as  b 

and  <')  are  related  to  _i  and  k.  As  will  later  be  seen,  the  aif- 
ference.  betw’een  the  two  ways  of  ••ea.suring  the  yaws  involves  only 
V  and  _z,  which  are  of  the  order  for  .aost  yroiectiles  ,of  only  a  fov.? 
percent'  of  the  yaw  angles  .  The  ouantities  J,  eslled 

the  '’rectangular  components”  of  the  yaw. 

It  follows  from  the  results  of  Fow'ler**  (their  eouation  4. 01) 
et  al,  that  the  motion  is  given  by  3  ilnear  co.nbinaiion  of.  the 
solutions  -  -  ' 

j  =  cos  nj^t,  k  =  sin  n^tj 


.j  =  sin  n^t. 


j  =  cos  n.~t. 


k  -  -cos  n^ti 
k  -  sin  n,-t^ 


(9) 


j  =  sin.  n^t,  K  =  -cos  n^t 


with  four  coei I'icients  that  are  slowly  varying  functions  of  tne 
time.  Here 


n 


^  =  (AN/2B)(1  r  b) 


=  (4i'i'/23)  (1  -  p) 


(10) 


where 


P 


(1  -bt 


In  eouatio.ns  (fO),  A  and  B  are  respectively  the  akirl  'and  tr.jis- 
verse  Koinent.s  of  inertia,  N  is  the  spin  i'o  radians  .^er  second 
reckoned  p^o'sitive  if  right-ha'nc  ed,  anc'  s,  is  the  stability  factor 
given  by  '  ■'p' 

s  =  A^N^/4Bn 

■where  [j  is  ..the  moment  factor 


V 1 1 0  c  j.  ’  o  r  t>>j  bul  1 1 


in  v/iiicii  p,,  is  the  air  uensity,  u  Is  the 

is  th-,  overturning  Tio...‘rnt  cocx  f  i^^ient ,  aind  _o  io  t'T=‘  ciiaoeter 

of  the  bullet. 


Fowler,  Gallop,  Lock  and  Richnorid,  Phil.  Trams.  Ro”al  Goc.'  A  Vol  ^21 
p.  295,  1920.  .  ■ 

dnfTRTCTLD 


Th8  slow  variJ^lion  ol  th8  cosmcients  oT  t.ie  pGricdic  torrns 
procaedo  as  follovs.  The  coefficients  of  tae  ten-as  involving 

consust  of  constant  factors,  arbitrarily  disposable,  nuitiplied  by 
the  camping  factor 

-i  A  '• 


ina 


i  the  coefficients  of  the  terms  involving  n^  consist  of  arbitr¬ 


arily  disnosable  constant  factors,  nultiplled  03/  the  damping  factor 


p'i  e'° 


f  =  P^Ud^Ky/3 


X  =  o^ud^K. 

',a 


Y  =  P^uu  .vj 


.f  ' 


In  the  nrocedl-ng  equations  m  is  the  mass  of,  tne  -projectile,  ana  Kg, 
K. ,  and  Kj  are  the  dimensionless  yaving  ^pomen-tq  cross  vina  force, 
and  iiagnus  mo’aent  coe'ff icients . 


The  motion  about  the'  center  of  mass  .has  a  ‘'impio  georneti^lcal 
InterpretaLion,  ■  vi'hicb  facilitates  one ’  s'"' clear  conception  of  the 
•nature  of  the  .yaving  .motion.  Ignore  for  the  .moment  the  gradual 
variation  of  the  coefficients  of  the  terms  (9).  Then  j_,  k  are 
the  rectangular  coordins.tfes  of  a  point  n  which  is  rotating  in  a 
cioc:;ivi5e  direction  at  an  angular  rate  n2_  (algebraic-iliy)  in  a 

cir.c:ul.ar  path  of  f&d'ius  ., whose  cent  ,  r' is  a  point  G  that  des¬ 
cribes  a  circle'’ of  radius  a,  clocicwise  around  the  origin  at  an 


angular  rate  n.^  (algebp-aiG;;,lly)  . 


‘  y 


i;.- 

'  •  tf-y  t  .V.. 


•<-v  >■^ 


-  5- 


RESTHIGTiD 


The’- ciockvise.  angle  fron?  the  j-axis  to  the  raaius  vector  to  R  is 
the -angle  of  orientation'  of  the  yaw,  cp;  anc  the  distance  of  R  from- 
the  origin  is  the  angle  of  yaw,  6.  It  is  seen  that  the  itotipn  is 
merely  eplcycllc,  to  the  accuracy  of  Fowler  analysis. 

Tne  part  of  the  motion  involving  namely  the  .rotation  in  a 


circle  of  radius  at  a  rate  n^,  may  be  called  the  '-nutation"; 

the  rotation  in  a  circle  ;of  radius  'a^  at  the  slower  rate  112  may 

be  called  ''precession"';'  'the  resultant  of  tne  nutation  and  pre¬ 
cession' is  the  compidtq-  yawing  motion, 
of  the  angle  b'  of  course 


involves  -n^  -  n 


The  periodic  variation 
thus 


5®  =  +  a|  -f  fa^apCos  (rij^  -  02)  t 


(11) 


if  the  time  is  measured  from  a 
the  "amplitude"  of  the  nutation 


ui table  instant.  One  '.ay  call 
and  a.,  the  am- litude  of  the  -,re- 


cession.  The  slow  variation  of  "the  coefficients,  described  on  the 
previous  page,  involves  merely. a  gradual  variation  of  the. two 
amplitudes,  at  rate’s  which  are  in  general  different  for  the  two, 
and  does  not  otherwise  alter  the  geometrical  interpretation  that 
has  been  given. 


The  rates  of  variation,  or  of  "damping",  of  the  amplitudes 
may  be  experimentally  determined,  by  yaw-cards  or  spark^unoto- 
graphs.  The  maximum  angle  of  yaw  is  clearly  and  the 

minimum  angle  of  yaw  is  clearly ja^  -  a2|  .  Now  it  has  been  ex¬ 
perimentally  determined*,  for  all  the  small  arms  bullets  that 
have  been  so  studied  as  well  as  for  a  37mni  projectile,  that  if 

*  By  'I.  P.  Hitchcock 
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RESTRICTED 


RU'STRICTi'D 


the  lainirauiTi  yav.  ja^  —  a^j  renair.s  zero,  xnis 

can  he  true,  only  if  the  precesciorial  anc  iratationai  damping  rates, 
of  those '■'bulleti,  are  equal;  for  in  the  experiments 

not.  Eero.  It  follovs  that  for  such  bullets  f  -  x  t  ?y=  -'^0 

:that  both  damping  1  actors  may  be  -written 


-Pp.'^P 


1)  ^  e 


where  P  ’is  tne  distance  the  bullet  has  trnvelleci,  ana  is  very 
nearly  equal  to',  the  Siacci  ''P",  for  aircraft  trajectories.  The 
constant  a  may'  be  experimentally  determined,  and  is  .ii'deaendent 
.of  velociTy  and  air.aensity  to  the  extent  that  K.,  and  are  so 

independent:  '  ■ 

=  d'Hvy/fB  +  a^-Yij/2m. 


a 


(llA) 


4.  Vibrations  of  the  Center  of  Moss.  The  ’’Vindcge  Juitr". 

Ecu? t ions  (9)  of  the  .Lc.,t  section,  and  the  discussion  of  nr  damp¬ 
ing  rates,  sho’.,  triet  the  complete  solixtion  of  tne  vinratcry  .  '  ■; 

,  motion  cay  oe  vritte;)  as 


in^t-X^t  .  iny-xr 

where  K-i  and'-K-,  are^tvo  complex  constants',  the.  X » s  correspond  to 

the  daraplng'- rates  per  second,  and  where  the  real  part  of  p  is  j. 
while  the  complex  part^is.  k.  ■  Provided,  as  is  true  for  c^ircralt 
■treiectofies,  that  the'  inclination  of  the  mean  trajectory  chaxigos 
idniy  slowly  with  the  time,  it  follows  fro.t  equation  (3.115)  of 
Fowler  that  y  and  z  are  the  real  and  complex  raots,  1 

tively,  of  the  time  'integral  of  xr,  ,  na  cely 


oec- 


in-j  t-X..  t 

inn  -XT  J-?'-- 


K-IVir- 


in„t-X „t 

E  2 


U  1 


- 

x*. 


01' s,  and  thus  y;  and  z 
.t.a  amplitudes  equal  to 
y  x/uj^  ior  the  nutation  a  no 


'that  lag  90°  behind. 


The  X's  are. very  small  comparea  vitn  ; 
perform  vibrations  slraliar  to  j  iS' 
the  amplitudes  of  ..J.  and  k  ren.ltipiied 

X /n2  for  the  prec.oselon,  ana  with  pnases 

Consider  a  ’  bullet' thru  stabts  its  motion  vuith  an  angle  of  ya 
"an  orientation  angle  (p  =  90®,  and  v.’ith  b  and  (p  both  initially 

equal  t.o  zero.  This  ■  situation  arises  when  shooting-  to  starboard 
■ hdrisontally  from  a  noving  aircraft.  The  diagram  below  shows 


nxi’O X  n 


that 


A 

> 


nd  thus 


a.  =  n 


,6^/  :n-,  -  n^);  "  ^‘2^  * 


The  orientation  anj^le  of  the  prtcess.ion  is  i-^-’ero"  prul'^tho  ' 
270°,  in1-tio,ily»  Tnus  the  initial  vaxue  of  _z  o  -  , 

initial  value,  A,  af  x  is 

^2  1  1 


A  =  y.h 


hi  1 


t.[n„  nj_-nj  t.j^- 


-n^ 

X  -j 


kO 


n-,  +n^, 
1 

o  n-i  n,. 
X 


=  xd 


Ji- 


Kr 


ffid  u^ 


(12) 


bT  i-qiiatlon  (iJ).  ,i:i..e9  tbc-  t.igcnt  ^“?  -"7iP'to?v  >y 

jietory  nlgn-r  thul  fid"  t';  °  -agL 

thia  iic4:t  at  th&  inii:Unt  ririni,  it  rollov^a^  chat  t'-fc  «..*baCii,- 
f:,  t-r  -e  n  tra lector 7  IS  Icmp.v  than  the  bore-  ol  tie  j^.un  by  the 
-v-i«  a'IivJ  tv'fl?)  it  the  so-called  ^^-indage JtLnj,'- . 

itfaxTar.1  for"a'gli.n  "bullet,  deye-acu  essentially  only  on  toe 

initial  angle  of  ycu.’  and  on  the  initiax  air  spfea  oi  >.iie  hni^ict, 

'^he  '  rccedinp  derivation  of  the  lomuia  ^i-  )  lor  Vu-i-taxo 

junp  ^lUh°-«Hqaatlon  (3.  MS)  ol  Fooler  ^^al .  /roe  .  olloving 


iliprnative  derivation  of  the  same  equation^ ^1277  although  it  h 
less  el-^gont  and  rigorous,  and  is  soraevnst  longer,  has^i-ie  c-u 
vant'-ge  of  ^eir.g  more,  intuitive!:/  obvious.  The  c-Dinuonents  0i  tne 
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cross  V, xuo  iorct.’  in  tine  directions  _02  ?ir!u  _03  give  rise  to 
accelerations  of  the  renter  of  ovss 

y  -  xC-c^sin  n-t  +  a^sin  n^t) 

r  =  X  (a^^cos  -  a^cos  n^t) 

if  anmping  is  rn^gl-cctod.  Integrating, 


a^, 

y  =  X  (-^ 

COS 

n..,t 

< 

COS 

Cl 

sin 

N) 

ct 

n-i 

sin 

vhere  tne  co/istaras  of  integration  are  zero  because  the  quantities 
^  Ui-O  Cciii  cont'-'.in  no  coristant  parts ,  Toeing  piir©  vibrations  thnt 
may  or  may  not  be  damped.  More  accurately,  the  ifiean  trajectory''  ' 
vit -i ^ res aect  to  niiich  'j_  and  are  measured  is  so  defined  tiiat 
and  _2  contairi  parexv  vibrational  ferits.  The  last  pair  of  < 
equations  shou  that  initially  _z  is  zero,  and  tnat  the  initial 
Value  rf  V  is  ,  .  ■  ' 


A  = 

'^2 

^n-i  +  n„ 

'  - 

n.,  n,  ^ 


1“2 


K  ?i 

AN  ^0 
md  iC, 


as  before.  The  inclusion  of  damping  factors  e“^'^ 


can  be  shown 


not  to  modify  the  last  result  if  the  X»s  are  snail  in  comparison 
to  tne  n*  s . 


5 •  The  Yav Ing  Motion  of  a  Bu.hrt  tired  fm  an  Aircraft , 
Denote  the  initial  angle  of  yi.v  b  .  Tre  time  derivatives  of 
ootn  5  and  ®  are  initially  se'-o,  nr 
th<'  diagram  in  Section.  3  that 


.'ler'Oi'ore  it  follows  from 


2  “  ■■ 


vhence 


n.ja^  -  n.  a.  =  0 

/C  11 


'^1  "  "  ^2^ 

®2  =  -  “2^ 
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initi?ily,  an.j.  thus  froii  equatioris  (lO) 


=  (1  - 

^  ’  o  o'  -  o 


ir  Lti,'^i  i\r,  .vhere  d  is  the  initial  vo,iue  oi  d.  Nov  according  to 

the  discission  ii*  Se-tion  3^  it  the-  bjilet  is  of  the  type  (like 
'.ill  She  siiiall  arms  bullets  studied , land  the  37 urn  H5a  projectile) 
with  a  single  cu.mpiiig  iaotor  for  both  preqessiori  and  nutation, 
it  iollovs  that  ana  are  given  .at  ail  times  by  . 


Ot  =  cr(l  -  p  )5  /2p^ 
1  ^  o  o  o 


■  '”y»  i 


=  a  (1  +  p'  )  b  /2d 


unf  ri 


^  =  vPyp) 


-p:  aP 
'0 


(13) 


The  value  of  is  given  by  ill),  from  uhicn  it  follows,  that  the 
near;  value  of  b^,  ave r*'"' \:od  ever  a  single  period  of  b^',  Is  .t 


+  -2  -  '■ 

?1  -)  »  0<  .r  , 

X  r 

1  + 

— -T— 

o 

o  1 


(14) 


viiero  s^.. is  the  initial  value  of  the  stability  factor X. 

The  stability  facto?’  _s  varies  along  tne  tra jector^/, ver,; 
as  1/u^  w.nere  u  is  tne.  rem&iniitg  Velocitjr,  aiici  thus 

=  1  -  u^/u'^s 
p  o 

r.  .  ;  5rid.i7.g  in  pov/ors  of  _P 


closel?/ 


0  = 


- 


+  Ti^ 


U»lTrrT'“*’*  < 
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approximately,  where  is  the  air  density,  jn  Is  the  mass,  6  i: 
the  diameter,  arid  K£.  is  the  drag  cocfricient.  Hence 

-2pQP(a  +  a») 

-  e 

where  a  is  given  by  (11A)  snd 


Accordingly, 


■*  i(s^-  l)m  ‘S' 


(15) 


.a  ^ 


o 


-  ^  -2p.  p(a  ^  aO 

^  ^  ci 


(16) 


o  s 


r  e 


1 


6.  The  Yaw— cTpp,  J-ifect.  T'le  y;,v  of  the  bullet  has  two  eiTects 
upon  the  trajectory:  It  renders  the  drag  greater  than  it  -v/ould 
be  in  the  abscr.ee  of  yav,  and  it  Introduces  the  "windage  juinp’' 
evaluated  . in  section  4.  In  the  present  'sectiori  we'  consider  the  ■ 
effect  upon  tiit^  trajectory. of  the  increased  drag  ooca.sioned  by 
t!ie  rocion  about  the  center  c-T  mass.  The  effect  of  t'ne  "winuage  ■ 
jump"  will  be  considered  in  the  ne?;t  section. 

Let  £,  r  be  rect.cngular  axes  fixed.  In  tnc  air,  with  5.  vertical 
end  X  horisontal,  the  plane  £,  x  containing  the  line  of  departure 
(windage  jump  being  here  neglected)  in  tzie-  air,  and  the  origin 
being  the  position  of  the^gun  at  the  instant  of  firing.  The 
equations'  of  Tn'tion  of  the  yawing  bullet,  as  influencea  by  gravity 
snd  drag,  are 


q  +  p  yS  (1  +  6%.Jq  +  g  =  0 


C 


n 


r  +  p  ^  (1  +  =  0 


Dd‘ 


(IV) 


n 


if  periodic  ter.rs  are  neglected  whose  iriean  values,  over  tneir  '  ‘ 

perioi.x.s,  are  sero  ami  whose  effects  remain  small  at  all  ranges. 

Here  p  is  the  relcitive  air/densitv,  G  is  the  appropriate  drag 


function  for  z4ro  yaw,  is  .  the .  appropriate  ballistic  coefficient, 
yaw-drag  coefficient,  g.  is  the  acceleration  of  gravity. 
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5®  is  given  by  equation  (16)  and  ;aay  be  evaluait-d,  in  accord¬ 


ance  vith  the  Siaccl  approximation,  for  the  argOirient  u  =  P.,  As 
in  section  ?,  p  nay  be  given  its  mu2Zlo  value.  Then  one  has 

?  -  r  sec  G  ■ 

o 


Q  ==  r  tan  0^  -  g 


vhere  0  is  th.e  initial  inclination,  and  so  it  , follows  fro^ri  eq- 

O  ^  .  u  ^ 


uafcions  (17)  that 


|a  .  1. 1£  (1  +  5^-KqP  =  0 


(13) 


Q  -  f  Q  =  g. 


(19) 


The  fxrst  emulation,  (13), 


oi 


(i6)  .  One  obt.ains  tue  ecucti 


.-Vitogr:-; ted  at  once,  use  being  made 


an 


S  =  S  +  -^P  + 
^  ^n 


-1-. 

.  p;  'T)o  *^0  s  -  1 
i\  o 


Y  (1  -  e  -  \20) 


wnere 


Tho 


c  -  ( ,a.  e  a  '  )  P  g  • 

0  (nmrt^s  trie  ct  'rnr.'-a  aenaity,  0.07513  pounds  per 


cubic  f oor ,  -n.ii  an'isos  b-^c.^use  rra.-  s>Tnbol  in  tnls 'lieport 

aenotcfc.  nil-  density;  w]t  i  5  e  th'.  symbol  p  .enotes  tne  relative  air 
density,  iic  units  of  p^.  in  e'':u:ition  (20),  vS- is  the  Siaccl  "S’'  b 

function  of  u.  The  qu.antlty  a  is  riven  by  equation  (llA) ,  and 
a'  by  (15)  .  Let 

c»  =  a-pg  ,,  " 

'  (0 

4 

•where  f  .,  and  x  are  the  values  of  f  ana  x  standard  density  when, 
the  velocity  is  u^.  Also,  let 

c"  =  pgd^iC^/fm  .  ..■.■7 

=  G  (v  )/LC  v  ;  . '  V  '  i  ■  ■■  ' 

and  tiien  ’  '  / 


=  c»  +  cV(s  _  1). 


1  O 
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(20A) 


0 


The  cesc  vhlue  of  at  present  available  apr^ears  to  be  approx- 
i:nately  , 

The- initial  yav,  h^,  to  tae  accuracy  vith  which  the  theory 

of  the  yawing  motion  iicts  been  worKed  out,  if'  equal  to  its  sine, 
so  that 


^2  - 

o 


v^(l  -  sir.^  2  cos^  A)/u^ 


(21) 


while 


s,  =  v^s  /pu^ 
0  o  s  o 


(4.-2) 


where  s  is  the  value  of  the  staoility  factor  s  near  the  muscle 

of  a  stationary  gun  In  air  of  standard: aensity.  Fpr  any  P, 
ecufition  (20)  allows  B,  ana  hence  u.  to  be  -deterinlneci.  The 
eouation 

<P 


t  ~ 


(l/u) dP 


(23) 


allows  _t  to  be  cetermined  by  a  t^iradrature. 

The  auxiliary  equation  of  equatiori  (19)  is  iii^ear  in  Q,  and 
(17)  may  be  integrated  once  to  obtain  / 


Q  = 


ana  agnlr.  to  CDtain 


■f  tP 


■1 0 


Q  =  g  ~  di  . 


(24) 


u" 


Once  t  and  Q  are  aetovrmifvea,  equations’ .(4?) ,  (3),  and  (4)  may  oe 
employee  to  deterraine  the  vertical  emu  lateral  def lec tloiis , V 
and  X  ,  just  cs  for  a  trajectory  undisturbed  by  ya’w,  end  also  the 
range  0. 

The  preceding  results,  equations  (20)  and  (2:^  in  particular, 
are  of  a  gener'l  type  first  obtained  by  h.  d,  hent-md  L.^S. 
Dederich.  Kent  shoved  ho-v  me  :mv?-arag  term  coulu  he  dealt  with 
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x\r-  o  1  Pil  oi  r  U 


by  bhs  Gi^-Cci  Kicitboci  so  os  to  yield  u  in  ter'ns  oi  through,  sn 
eoustion  of  the  type  (f^)  •  Dcderic^^w  snov/od  hov  Q  could  be  ob— 
t-Tined  in  the  form  of  a  clouole  auaorature ,  (24)*  particular 

resulto  oroseiited  here,  hovever,  are  new.  Formerly  it  uas  ^ 
thought  that  tiie  preccssional  and  nutational  damping  rates  for 
smali  ar.as  bullets,  incluoing  37:oti.  were  niff erent;  tne  nutational 
being  supposed  to  be  more  rapid.  Thus  ,  in  equation  USp 
given  an  incorrect  value  instOrad  of  the  value  giveii  by  (16)  .  The 
constant  c,  in  (i.O) ,  v/as  cilso  given  an  incorrect  v'alue.  These 
errors,  first  revealed  through  aircraft  firings  conducted  by 
Colonel  Leslie  I.  fi.non  and  the  author  (their  experiinental  results 
have  not  yet  been  published)  ,  d'-t-  bac-^  to  the  paper  of  Fowler 
et  al.  \'ho  assumed  incorrectly  that  the  value  of  y  was  sc  small 
"as  To  be  negligible.  Here  tne  author  hic-s  applied  the  elegant 
computational  urocec.ures  of  Kent  and  Dedericu  to  a  more  correctly 
specified  yawing  notion. 

7.  The  Effect  of  WindaHe  Ju.nn  Upon  the  Tra.iectory.  The  windage 
jump  /1.1s  snail,  and  its  effects  may  be  appliea  to_the  tra.jectory 
by  simple,  yet  closely  approximate,  methods.  Consider  the  set  of 
axes  x',  y* ,  z'  of  section  2,  at  rest  in  the  air.  The  windage 
jump  changes  tne  direction  of  the  line  of  departure  by  adaing  to 
u  ,  regarded  as  a  vector,  a  vector  ermal  numerically  to  u^A  and 

directed  at  right  angles  to  the  plane  containing  the  z>  axis  and 
the  bore  of  the  gun,  in  s  sense  given  by  a  right-handed  rotation 
about  the  z»  axis.  The  additional  vector  has  direction  cosines 

in  the  primed  syste:n,  therefore,  of  -sin  Z  sin  A/(l-sin‘'Z.cosTA)  , 

cos  Z/(l  -  sln^Z  cos^  A)^  ,  0  and  components  equal  to  the  preced¬ 
ing  direction  cosines  .uultiplied  by  The  windage  jump  aoes 

not  alter  tlic  m.agnltulG  of  u^  and  thus  the  effect  of  the  jump  is 

to  increase  x,  y,  z,  of  the  bullet  by  the  'Quantities: 

-Pc,siriZsiuA/(l  -  sin^Zcos^A)^ ,  ?AcosZ/(l  -  sin^Zcos^A)2  ,  0. 

It  follows  that  ^  is  not  altered,  that  p  is  increased  by 

1 

-P  A  sinA/(l  -  sin^Zcos^A)^ 
and  that  C,  is  increased  by 

i 

?  A  cosZcosA/(1  -  sin^Zcos^A)2 . 

Since  or.e  is  concerne'd  V7ith  sciall  angular  deflections,  tne  effect 
Ox  the  v/inuage  jump  is  thus  to  xncrsLciSO  X  and  p.  oy  the  amounts,  xn 
raaians 

5  X  =  A  cosZcosA/(1  -  sin^Zcos^A)2 

6  [I  =  A  sinA/(l  -  sin^Zcos^A)^ 

while  the  range,  D,  is  not  altered  (to  any  significant  extent) . 
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If  one  rcnices '  use  of  e'-’uation  (12)  for  A,  and  makes  use  of 
equation  (21)  for  u^,  one  thus  finds  that  the  effects  in  radians 

of  winaage  jump  on  the  horizontal  and  vertical  deflections  are 

b  X  =  b  ^  cosZcosA 
D 

o 

...  (25) 

"D  -w 

b  |i=  -b  T-  sinA  - 

iJ  P 

^o 


where 


b 

^  md  K.,  ’ 
i4 


. . .  (26) 


8.  Computirij;?  Procedures.  The  sequence  of  operations  is  to  find 
u^  by  ecuat'ion  (l)j  by  (2l),  in  (radians)^;  by  (22);  _c  by 

(20A);  and  then  find  the  Giacci  "S”  by  (20).  From  S.,  u  is  found; 
then  t  and  Q  are  computed  by  quadratures  in  accordance  with  (23) 
and  (24).  Then  r]  ,  4  are  found  by  equations'  (2);  D  by  (3)  if 
^  is  not  sufficiently  accurate  as  an  approximation  to  D;  and  X 
and  p  by  equations  (4).  With  close  accuracy  under  most  conoitions 
X  and  p  are  given  directly  in  -iiiils*  as  the  right-hand  members  of 
equations  (4;  multiplied  by  1020.  Finally,  the  effects  of  windage 
jump,  bX  and  6  p,  are  computed  by  equations  (25)  and  added  to  X 
and  p  already  computed  without  jump,  in  order  to  obtain  the  values 
with  jump.  Equations  (25)  will  yield  values  in  mils  directly  if 
for  b  a  value  is  used  equal  to  the  value  given  by  (26)  multiplied 
by  1020. 

In  the  preceding  eouations,  p  always  stands  for  the  relative 
air  density. 

The  value  of  the  constants  s^,  c’,  c",  b,  are  given  below 

for  two  gun-projectile  combinations.  (l)  is  the  Cal.  0.50  AP  M2 
projectile  fired  at  2700  feet  per  second  from  rifling  having  a 
twist  of  one  turn  in  15  Inches.  (2)  is  the  37mm  H.E.  shell  M54 
or  practice  projectile  M55  with  P.D.  fuze  M5'6,  fired  at  2000  feet 
per  second  from  rifling  naving  a  twist  of  one  turn  in  25  calibers. 
The  fundamental  data  have  been  furnished  by  H.  P.  Hitchcock. 

Combination  s  c’ 

s 


(1)  2.17  .00208 

(2)  2.39  .00172, 


■KOne  nil  is  l/6b00  revolutions. 


ft 


c" 

-1 


.000076 

,000066 


b 

mils 
ft/ sec 

45,800 

38,000 


/ 


i  C- 
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